Abstract. Let X be a (connected and reduced) complex space. A q-collar of X is a bounded domain whose boundary is a union of a strongly q-pseudoconvex, a strongly q-pseudoconcave and two flat (i.e. locally zero sets of pluriharmonic functions) hypersurfaces. Finiteness and vanishing cohomology theorems obtained in [19, 20] for semi q-coronae are generalized in this context and lead to results on extension problems and removable sets for sections of coherent sheaves and analytic subsets.
Introduction
Let X be a (connected and reduced) complex space. We recall that X is said to be strongly q-pseudoconvex in the sense of Andreotti-Grauert [3] if there exist a compact subset K X and a smooth function ' W X ! R, ' 0, which is strongly q-plurisubharmonic on X X K such that (a) for every c > 0 the subset B c D ¹x 2 X W '.x/ < cº is relatively compact in X .
Without loss of generality, we may suppose min X ' D 0. If K D ¿, X is said to be q-complete.
For technical reasons, we also assume that the set of the local minima of ' is discrete (cf. [6] ) and that min K ' > 0 whenever K ¤ ¿. In particular, for every c > 0 one has B c D ¹' 0º.
We remark that, for a space, being 1-complete is equivalent to being Stein.
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Replacing the condition (a) by (a') for every 0 < a < c the subset B a;c D ¹x 2 X W a < '.x/ < cº is relatively compact in X , we obtain the notion of q-corona (see [3, 4] ). A q-corona is said to be complete whenever K D ¿.
The extension problem for analytic objects (basically, sections of coherent sheaves, cohomology classes, analytic subsets) defined on q-coronae was studied by many authors (see e.g. [3, 12, 21, 22, 23] ).
In [19, 20] we dealt with the larger class of the semi q-coronae which are defined as follows. Consider a strongly q-pseudoconvex space (or, more generally, a qcorona) X , and a smooth function ' W X ! R displaying the q-pseudoconvexity of X . Let B a;c X and let h W X ! R be a pluriharmonic function such that K \ ¹h D 0º D ¿. A connected component of B a;c X ¹h D 0º is, by definition, a semi q-corona. If X is a complex manifold, the zero set ¹h D 0º can be replaced by a Levi flat hypersurface.
Finiteness and vanishing cohomology theorems proved there lead to results of this type: depending on q, analytic objects given near the convex part of the boundary of a semi q-corona fill in the hole.
In this paper we consider a more general situation. Let X be a strongly q-pseudoconvex space. Then C D B a;c D B c X B a is a q-corona (with exhaustion function D is smooth, plurisubharmonic on B c X ¹h 1 D 0º and 1 ! C1 when h 1 ! 0. Arguing in the same way, starting from h 2 we construct a function 2 which is smooth, plurisubharmonic on B c X ¹h 2 D 0º and 2 ! C1 when h 2 ! 0.
is an exhaustion function for Q which is strongly q-plurisubharmonic on Q X K. In order to get the conclusion it is sufficient to apply the same argument starting from B a .
The results on the cohomology of q-collars, generalizing the ones proved in [19, 20] , are established in the first part of the paper (see Section 2) . They are applied in Section 3 to study removability. Removability for functions was extensively studied by many authors (see e.g. [24, 17, 14, 9, 16, 18] ). We are dealing with removability for sections of coherent sheaves and analytic sets. The main results are contained in Theorems 3.1, 3.3, 3.5, 3.6.
Some cohomology
This section is dealing with cohomology of q-collars and some application to extension of sections of coherent sheaves.
Closed q-collars
Let C 0 be a q-collar in a strongly q-pseudoconvex space X . Theorem 2.1. Let F 2 Coh.B c / and
Then, for q 1 r p.F / q 2, the homomorphism
where h 1 and h 2 are pluriharmonic functions near † 1 \ B c and † 2 \ B c respectively, then
Proof. Consider the Mayer-Vietoris sequence applied to the closed sets Q and C
Thus U is q-complete and consequently the groups of compact support cohomology H r c .U; F / are zero for q r p.F / q (see [3, Proposition 25] ).
From the exact sequence of compact support cohomology
for q r p.F / q 1.
Since B c is q-pseudoconvex,
for q r (see [3, Théorème 16] ), and so dim C H r .B c X U; F / < 1 for q r p.F / q 1. From (2.1) we see that
is greater than or equal to the codimension of the homomorphism ı. This proves that the image of the homomorphism 
is surjective for p.F / 2q C 1.
If B C is a 1-complete space and p.F / 3, the homomorphism
Proof. By hypothesis Q has a fundamental system of neighborhoods which are q-complete spaces, so H r .Q; F / D ¹0º for q r (see [3, Corollaire, p. 250] 
Since B a is Stein, the cohomology group with compact supports H 1 c .B a ; F / is zero, and so the Mayer-Vietoris compact support cohomology sequence implies that the restriction homomorphism
is surjective, hence 2 2 H 0 .C ; F / is the restriction of e 2 2 H 0 .B c ; F /. So is the restriction to C 0 of . 1 e 2jB C / 2 H 0 .Q; F /, and the restriction homomorphism is surjective. 
Open q-collars
Keeping the same notations as above consider an open q-collar C 0 . For the sake of simplicity we assume that B c is q-complete. We also assume that 
Consider the open subset Q " of Q bounded by the hypersurfaces † i;" i \ B c and by a part of bB c , and set C 0;" D Q " \ C 0 . In view of Theorem 2.2 there exists a section Q s " 2 H 0 .Q " ; F / which extends s jC 0;" . Now observe that the connected component W of B c X † 1 containing † 2 is Stein. So there exists a strongly pseudoconvex domain b W such that the domain D " bounded by † 2;" 2 \ B c , † 2 \ B c and by a part of bB c is relatively compact in . By Theorem 5 of [19] the section Q s " extends on \ Q. Thus s extends on Q " . In order to conclude the proof we argue as before with respect to the hypersurfaces † 1;" 1 and † 1 .
In particular, we get the extension of holomorphic functions: 
Finiteness of cohomology
Results on the cohomology of q-collars obtained in the preceding section concern coherent sheaves defined in larger domains. For the applications that we have in mind it is needed to study cohomology of coherent sheaves which are defined just on collars. This can be done by the same methods used in [20] for semi q-coronae. We briefly sketch the main points of proofs given there focusing on the case q D 1. The extension for an arbitrary q demands only technical adjustments. Keeping the same notations as in Section 1 let " & 0, in a neighbourhood of Q, with the following properties:
The bump lemma and the approximation theorem hold for the closed subsets C " 0 with the same proof as in [20, Lemma 3.3, 3.9] and this enables us to the following results. Assume that depth F x 3 for x near to the pseudoconcave part of the boundary of C 0 ; then (3) there exists " 0 sufficiently small such that if " < " 0 the cohomology spaces 
Removable sets
The notion of removable sets was originally given with respect to holomorphic functions and the removability problem was extensively studied (see e.g. [24, 17, 14, 9, 16] , and the recent survey [18] ). Here we want to study the same problem with respect to larger classes of analytic objects, namely the classes of sections of coherent sheaves, of cohomology classes and of analytic sets.
Let X be a complex space, D be a bounded domain. Let F be a coherent sheaf on a neighbourhood of D. A subset L of the boundary bD of D is said to be removable for (the sections of) F or for the cohomology classes with values in F , of a certain degree r, if every section s 2 .bD X L; F / or cohomology class
Similarly, the subset L is said to be removable for the (respectively, a given) class of analytic subsets if every analytic subset (of a given class of analytic subsets) defined on a neighbourhood of bD X L extends by an analytic subset of D X L.
Coherent sheaves
Given a coherent sheaf F on a complex space X let us denote by Tor.F / the torsion of F ; Tor.F / is the coherent subsheaf of F whose stalk at a point
It can be proved (see [2] ) that the topology of 
By virtue of the maximum principle, for every k there exists a point x k 2 bW k such that jf .x/j < jf .x k /j. Then (passing if necessary to a subsequence) we have x k ! y 2 b L as k ! C1 and consequently jf .x/j jf .y/j max L jf j, a contradiction.
We now need to show the existence of the extension. In order to prove the extension we consider just the case that U is an open neighborhood of D X L or X X .D [ L/ and 2 F .U X D/, the proof in the other one being similar. In view of the hypothesis (1), given a point
Since bD X L is strongly pseudoconvex, there exists a pseudoconvex domain D 1 D D 1;x with a smooth boundary satisfying the following properties:
(iii) bD 1 is strongly pseudoconvex at the points of bD 1 X bD 1 \ bD. Figure 2) .
The boundary of D 3 D D 3;x D D 2 \ D is piecewise smooth but we may regularize it along bD 2 \ bD, thus we may assume that D 3 is a smooth strongly Observe that † cuts a small neigbourhood of D 3 in a q-collar or a semi qcorona. In view of the extension theorem proved in [19] , there exists a unique section x 2 F ./ which extends . Hence we are able to extend to a section defined in x, for any x 6 2 O L.
In order to finish the proof we have to show that if x , y are two such extensions, defined on x and y respectively, then x D y on x \ y .
Notice that every connected component of † xy D ¹u x D 1 " x º \ ¹u y D 1 " y º meets the boundary. Indeed, suppose not, then there is a compact component of † xy , which implies that the pluriharmonic function u x has an inner maximum or minimum on the Levi flat hypersurface ¹u y D 1 " y º, which is a contradiction. Thus x D y on x \ y trivially holds if F is locally isomorphic to a subsheaf of O N , in particular if F is locally free. In our situation consider the difference D x y on x \ y . Since F is Hausdorff on D X T , T D T .F /, we have supp T . Let x 2 supp . If B . x \ y / is a sufficiently small Stein neighbourhood of x, we have an exact sequence
with n d 3 by hypothesis, and from this we derive the exact sequence 
Because of (3.1) we have the exact sequence and consequently, from the local cohomology exact sequence, that
The exact sequence
is onto. It follows that there exist holomorphic functions g 1 ; : : : ; g p 1 on B XT such that
Since dim C T n 2, the functions g 1 ; : : : ; g p 1 can be holomorphically extended through T by e g 1 ; : : : ;e g p 1 . This implies that s 2 H 0 .B; Im /, so s D .e g/, g D .g 1 ; : : : ; g p 1 /, and consequently D .' ı /.e g/ D 0. The proof when U is a neighbourhood of X X .D [ L/ is similar starting by a pseudoconvex domain D 1 with a smooth boundary satisfying the following properties:
(iii) bD 1 is strongly pseudoconvex at the points of bD 1 X bD 1 \ bD.
Remark 3.2. In view of a theorem by Alexander and Stout
If L is a Stein compact we have the following Theorem 3.3. Let X be a locally irreducible Stein space, D be a bounded domain in X with a connected smooth boundary bD X reg and L bD be a Stein compact. Let F be a coherent sheaf on X satisfying
(1) depth F x 3 for every x 2 X ;
Then every section of F on bD X L uniquely extends to a section on D X L. for j p.F / 1. From the local cohomology exact sequence
in view of the fact that X is a Stein space, we then obtain
for 1 j p.F / 2. In particular, since p.F / 3 we have
Let s 2 H 0 .bD X L; F /. Applying the Mayer-Vietoris sequence to the following closed partition of X X L,
we get the exact sequence
Since H 1 .X X L; F / D ¹0º the first homomorphism is onto, so the section s is a difference s D s 1 s 2 of two sections 
we deduce that the homomorphism
is onto. In particular, there exists a global section Q s 2 which extends s 2jXXU . If we choose a smaller Stein neighbourhood V L, we get a second extension Q s 2;V of s 2 jX XU which agrees with s 2 on the bigger set X X V . The difference Q s 2 Q s 2;V is a section on X with (compact) support in U (since out of U they both agree with s 2 ). Hence its support S is a discrete set of points. Since p.F / 3, S D ¿, which means that Q s 2 is actually an extension of s 2 . Thus, Q s D s 1 Q s 2 is a section of F on D X L which extends s. This concludes the proof. Any section s of F on U X D gives a section of F on bD 0 X L. Hence, applying Theorem 3.3 to D 0 and L we get the desired extension.
Theorem 3.3 can be slightly improved if X is a Stein manifold. Indeed, in that case, under the same hypothesis for D, we are allowed to assume that F is defined only in a neighbourhood of D. The proof uses the fact that every domain W of X has the envelope of holomorphy b W (see [13, 7] ). We recall that b W is the set of all continuous characters W O.W / ! C (or, equivalently, the set of all closed maximal ideals of O.X /) equipped with the weak topology. The complex structure on b W is such that (i) the map j W W ! b W associating to a point x 2 W the point evaluation 
W with the same depth as F , which extends j F . At this point we argue as in the proof of Theorem 3.3.
Analytic sets
As for analytic sets, results of removability are obtained arguing as in the proof of Theorem 3.1 taking into account Theorem 2.7. Precisely Theorem 3.6. Let X be an n-dimensional manifold, D be a bounded pseudoconvex domain in X with a connected smooth boundary and L be a compact subset of bD. Assume that bD X . b L \ bD/ is a non-empty strongly Levi convex hypersurface.
Let
Obstructions to extension
The extension theorems proved in the above sections state that, under appropriate conditions, analytic objects like CR-functions, sections of coherent sheaves, analytic subsets defined on bD X L (bD X L being connected) extend -uniquelyto D X b L where b L is the envelope of L with respect to the algebra A.D/ of holomorphic functions continuous up to the boundary.
Natural problems arise about minimality. In order to state the problem in all generality, given a compact subset L of bD we fix a class C of analytic objects and we consider the family L C of all compact subsets e L of D, partially ordered by inclusion, satisfying the following properties:
(ii) every analytic object of C defined on bD X L extends -uniquely -to D X e L.
Suppose that L C ¤ ¿; then there exists in L C some minimal element L 
The unbounded case
Some of the previous results extend to unbounded domains. The following is of particular interest. Then every section of F on U X D uniquely extends to a section on U .
Proof. Fix a section of F on U X D. Consider the domain D k . Since D is strongly pseudoconvex, using the bump lemma we find a Stein neighbourhood V k U of D k . We may assume that the function p k is defined on V k , so bD k \bD is a Stein compact L k , and we are in position to apply Theorem 3.3 and obtain a unique section O k of F on V k X L k extending . Repeating this argument for every k, thanks to the uniqueness of extension we get the conclusion. Under this condition the extension of analytic sets (with discrete singularities) of dimension at least two holds, see [10] .
